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Abstract
Frustrated bilayer quantum magnets have attracted attention as flat-band spin systems with unconventional thermody-
namic properties. We study the low-temperature properties of a frustrated honeycomb-lattice bilayer spin- 1
2
isotropic
(XXX) Heisenberg antiferromagnet in a magnetic field by means of an effective low-energy theory using exact diago-
nalizations and quantumMonte Carlo simulations. Our main focus is on the magnetization curve and the temperature
dependence of the specific heat indicating a finite-temperature phase transition in high magnetic fields.
Keywords: quantum Heisenberg antiferromagnet, frustrated honeycomb-lattice bilayer, localized magnon,
magnetothermodynamics
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1. Introduction
In the present paper, we consider a spin- 1
2
antiferro-
magnetic Heisenberg model on a N-site two-dimensional
lattice shown in Fig. 1. The Hamiltonian of the model
reads
H =
∑
〈i j〉
Ji jsi · s j − hS z, Ji j > 0, S z =
∑
i
sz
i
. (1)
The first sum in Eq. (1) runs over all bonds of the frus-
trated honeycomb-lattice bilayer, see Fig. 1, that is, Ji j
acquires three values: J2 (vertical red bonds), J1 (nearest-
neighbor intralayer black bonds), and JX frustrating inter-
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layer blue bonds). We are interested in the regime when
J2 is the strongest bond and a deviation of JX from J1 is
small, or, more precisely, J2 > 3J with J = (J1 + JX)/2
and |J1 − JX|/J2 ≪ 1. If J1 = JX one faces the so-called
ideal frustration case characterized by a flat-one magnon
band [1–3], otherwise the system is slightly away from
the ideal frustration region in the parameter space.
The described model has attracted some interest re-
cently from experimental and theoretical sides. On one
hand, the interest in this model stems from experiments
on Bi3Mn4O12(NO3), in which the ions Mn
4+ form a frus-
trated spin- 3
2
bilayer honeycomb lattice [4–8]. On the
other hand, there are a few theoretical papers consider-
ing the ground-state and low-temperature properties of a
Heisenberg antiferromagnet on a frustrated bilayer honey-
comb lattice [9–11], in which classical spin [9] or quan-
tum spin- 1
2
[10, 11] models in nonzero [9, 11] or zero [10]
magnetic field were discussed using various complemen-
tary approaches. In particular, in our recent work [11] it
has been shown that the localized-magnon picture [1–3],
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Figure 1: Top: the frustrated honeycomb-lattice bilayer studied in the
present paper. The unit cell contains 4 sites and the corresponding Bra-
vais lattice is the triangular lattice with basis vectors a =
√
3a0i and
b = −
√
3
2
a0i+
3
2
a0j (a0 is the hexagon side length). The integer numbers
ma and mb determine the position of the unit cell. The thick red vertical
bonds represent the strongest interlayer coupling J2 , the thin black bonds
within each layer correspond to the nearest-neighbor intralayer coupling
J1 , and the thin blue bonds between the layers correspond to the frus-
trated interlayer coupling JX . Bottom: exact-diagonalization data of the
ground-state magnetization curve of a finite honeycomb-lattice bilayer
of N = 32 sites for model (1) with J2 = 5 and J1 = JX = 1 (thick red
line), J1 = 1.1, JX = 0.9 (thin black line), J1 = 1.2, JX = 0.8 (very thin
green line).
which emerges for the ideal frustration case, yields a sim-
ple effective description of the low-temperature thermo-
dynamics in a moderate and strong magnetic field. Since
in this regime only the two states on each vertical bond
J2, |u〉 = | ↑↑〉 and |d〉 = 1√
2
(| ↑↓〉 − | ↓↑〉) (localized
magnon), dominate thermodynamic properties, it is not
astonishing that the effective model is an antiferromag-
netic honeycomb-lattice Ising model in a uniform mag-
netic field with the Hamiltonian Heff = C − h
∑N
m=1 T
z
m +∑
〈mn〉 JzT zmT
z
n, where N = N/2 and the (pseudo)spin- 12
operators are defined as follows: T z = 1
2
(|u〉〈u| − |d〉〈d|),
T+ = |u〉〈d|, and T− = |d〉〈u|. Moreover, slightly away
from the ideal frustration case we arrive at an Ising-
like XXZ Heisenberg antiferromagnet in an external field
along the easy axis on the honeycomb lattice with the
Hamiltonian
Heff =C−h
N∑
m=1
T zm+
∑
〈mn〉
[
J
zT zmT
z
n+J
(
T xmT
x
n + T
y
mT
y
n
)]
,
C = N
(
−h
2
− J2
4
+
3J
8
)
, J =
J1 + JX
2
,
h = h − J2 −
3J
2
, J
z = J, J = J1 − JX. (2)
The effective model (2) was used in Ref. [11] to explain a
peculiarity of the ground-state magnetization curve that is
related to a spin-flop transition which is present in a two-
dimensional Ising-like XXZ Heisenberg antiferromagnet
in an external field along the easy axis. However, the mag-
netothermodynamics of the frustrated honeycomb-lattice
bilayer quantum antiferromagnet (see Eq. (1) and Fig. 1),
which can be examined on the basis of the effective model
(2), was beyond the scope of that paper. Now we fill this
gap and present results for some low-temperature ther-
modynamic quantities of the frustrated honeycomb-lattice
bilayer quantum antiferromagnet in a magnetic field. It
is important to note that, since the quantum spin model
(1) is frustrated, a direct application of quantum Monte
Carlo approach is impossible because of the infamous
“sign problem”. However, this powerful method can be
applied to the (unfrustrated) effective model (2) describ-
ing the low-energy degrees of freedom.
2
2. Magnetothermodynamics. Exact diagonalization
and quantum Monte Carlo
We begin with testing the accuracy of the effective-
model description (2). To this end, we consider the full
initial model (1) on a finite bilayer lattice of N = 24 sites
(see Fig. 3 in Ref. [11]) and perform exact-diagonalization
calculations [12] to obtain thermodynamic quantities.
Then we compare these findings with the results of the
exact-diagonalization study of the corresponding effective
model (2) ofN = 12 sites. For concreteness, we fix the set
of parameters as follows: J2 = 5 and J1 = 1.1, JX = 0.9.
First we consider the magnetization curve M(T, h) at
zero temperature, see Fig. 1, bottom. In case of ideal frus-
tration, i.e., J1 = JX = 1, the M(h)/N curve is indepen-
dent of the system size: M is zero until h < h2 = J2 = 5, it
acquires one-half of the saturation value if h2 < h < hsat =
J2 + 3J1 = 8, and achieves the saturation for h > hsat [11].
Deviations from the ideal frustration case lead to modifi-
cations around h2 and hsat, however, the wide plateaus are
still present, see Fig. 1, bottom.
Next we report the temperature dependences of the
magnetization and the specific heat for magnetic fields
around the saturation field, see Fig. 2. It is in order
to comment the applied exact-diagonalization approach.
The total size of the Hamiltonian matrix for model (1) in-
creases as S z decreases to zero and becomes beyond the
present computational possibilities for S z < 5 (even ex-
ploiting symmetries already for S z = 5 we face a matrix
of total size 57 687 × 57 687). Fortunately, for the sys-
tem at hand near the saturation field, the subspaces with
small S z becomes relevant at high temperatures only. This
is evident from the comparison of the results in Fig. 2
which account the subspaces with S z = 12, . . . , 5 (solid
lines) and the subspaces with S z = 12, . . . , 6 (broken
lines). Clearly, the exact-diagonalization data for the ini-
tial model (1) in Fig. 2 are reliable at least up to T = 0.7.
Furthermore, effective-model predictions (symbols) re-
produce perfectly all low-temperature features in Fig. 2
for temperatures until about T = 0.5. Clearly, the tem-
perature region in which effective theory is accurate de-
pends on the values of J2, J1, JX, and h, however, the
statement that the simpler (unfrustrated) effective model
correctly describes low-energy degrees of freedom is not
questioned. Concerning the temperature profiles of M(T )
and C(T ) shown in Fig. 2, a prominent feature is the in-
Figure 2: Magnetization (top) and specific heat (bottom) for the system
at hand with J2 = 5, J1 = 1.1, and JX = 0.9 at different fields h = 7.81
(magenta), h = 8 (blue), and h = 8.3 (brown). Exact-diagonalization
results for initial model (1) of N = 24 sites (lines) are compared to
exact-diagonalization results for effective model (2) of N = 12 sites
(symbols).
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crease of the magnetization as the temperature is growing
as it is found for magnetic fields slightly below hsat. That
is related to a large manifold of low-lying states having
larger values of total S z than the ground state, and, these
states becomes accessible as T increases. Another un-
conventional feature is the double-peak structure of the
specific heat. Again, a large manifold of low-lying states
is responsible, however, the value of the total S z of these
states is irrelevant for C(T ).
Having shown that the effective model works well at
least up to T = 0.5, we perform quantum Monte Carlo
calculations [13] and exact diagonalizations [12] for the
(unfrustrated) effective model (2) consideringmuch larger
systems, see Fig. 3. The main peculiarity of the mag-
netization curve shown in Fig. 3 is related to a spin-
flopping process present in model (2): antiferromagnet-
ically interacting (pseudo)spins abruptly change their di-
rection from parallel to perpendicular orientation with the
respect to the easy axis of the anisotropic XXZ model (2)
at some critical magnetic field hc, where hc is slightly
above 7.8 for the considered set of parameters. In par-
ticular for quantum spins, this process discussed for the
first time by Louis Ne´el in 1936, is not trivial at all de-
pending on the lattice, spin value, temperature fluctua-
tions etc. We are not aware of studies of the spin-flop
phenomenon in the quantum Ising-like XXZ Heisenberg
model on a honeycomb lattice (see, however, some re-
lated studies in Ref. [14–17]) and such a study goes be-
yond the scope of this short article. However, a num-
ber of features are obvious from the results reported in
Fig. 3. Thus, at sufficiently low temperatures (say, below
T = 0.02) the magnetization around hc is hardly modified.
But as temperature increases further, the value at which
magnetization starts to grow rapidly becomes smaller and
the slope of magnetization curve becomes smaller too.
Finally, the magnetization becomes moderately rounded
and at sufficiently high temperature (say, above T = 0.1)
no traces of the spin-flop transition are visible. The tem-
perature dependence of the specific heat exhibits a low-
temperature maximum, see Figs. 2 and 3. Within the spin-
flop phase, i.e., between hc and hsat, excitations are gap-
less, but they are gapped outside this field region. As a
result, the curvesC(T, h,N) against T exhibit similar low-
temperature behavior for h between hc and hsat and differ
from such curves for h outside this field region, see the
low-temperature region above T = 0.02. Furthermore, it
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Figure 3: Magnetization curves at different temperatures (top) and tem-
perature dependences of the specific heat at different fields (bottom) for
J2 = 5, J1 = 1.1, and JX = 0.9 as they follow from quantum Monte
Carlo simulations (N up to 2 304, top panel and N up to 1 024, circles
in the bottom panel) and exact diagonalizations (N = 18, solid lines in
the bottom panel) for effective model (2). All curves C(T, h, N)/N → 0
with T → 0 as it should be.
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is interesting to compare C(T ) profiles for h = 7.7 and
h = 8.0 in Fig. 3. While the former one reflects a tran-
sition from the antiferromagnetic to paramagnetic phase,
the latter one reflects a transition from the spin-flop to
paramagnetic phase [16]. Noticeable finite-size effects
for h = 7.7 (large empty circles correspond to N = 256
whereas small filed circles correspond to N = 1 024) in-
dicate a singularity which emerges in the thermodynamic
limit [11]. In contrast, the temperature-driven transition
between the spin-flop and paramagnetic phase is not ac-
companied by a specific-heat singularity. These traces of
the spin-flop phase are expected to be seen for the initial
model in the considered parameter region.
3. Conclusions
In this paper, we have demonstrated that the effective
model (2) can be used to describe the low-temperature
thermodynamics of the frustrated honeycomb-lattice bi-
layer quantum antiferromagnet (1) around the ideal frus-
tration regime when J2 > 3(J1+ JX)/2 and |J1− JX |/J2 ≪
1. If deviations from the ideal frustration regime are
present (i.e., for J1 , JX), the magnetization jump
transforms into a spin-flop transition and the model ex-
hibits interesting low-temperature properties related to the
arisen spin-flop phase. Remarkably, the spin-flop physics
emerges in the spin- 1
2
isotropic (i.e., XXX) Heisenberg
antiferromagnet (1), without any explicit anisotropy, only
due to the lattice geometry and the specific values of ex-
change couplings Ji j.
Concerning experimental realizations of the frustrated
honeycomb-lattice bilayer spin system, the magnetic
compound Bi3Mn4O12(NO3) is a candidate, although,
the exchange parameters of the spin Hamiltonian for
Bi3Mn4O12(NO3) are still under debate [7, 8], and it might
happen the J2 does not have sufficient strength. The
search for other honeycombmaterials, where our findings
would be observable, is desirable and is encouraged.
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